The virtual reflector method simulates new seismic signals by processing traces recorded by a plurality of sources and receivers. The approach is based on the crossconvolution of the recorded signals and makes it possible to obtain the Green's function of virtual reflected signals as if in the position of the receivers (or sources) there were a reflector, even if said reflector is not present. This letter presents the virtual reflector theory based on the Kirchhoff integral representation theorem for wave propagation in an acoustic medium with and without boundary and a generalization to variable reflection coefficients for scattered wavefields.
Introduction
In recent years innovative techniques have been introduced in seismics and acoustics to simulate new signals by processing the measurements obtained by a plurality of sources and receivers. These methods are generally classified as "Green's function retrieval" or "seismic interferometry" (SI) and are essentially based on crosscorrelation of traces at different receivers and summation of the crosscorrelated signals over the space of the sources generating the wavefields. In this process, it is not necessary to know the sources and the medium. From a physical point of view, crosscorrelation (or convolution by time reversal) is equivalent to removing the common propagation effects. 1, 2 A great advantage of this approach is that also signals from unknown random-phase sources are shaped into interpretable signals because of phase subtraction. In some applications, deconvolution is used instead of correlation to compensate also for source amplitude. 3 Under proper conditions, SI allows one to recover the signal ideally produced by a virtual source located at the position of a receiver. 4 This technique has important applications for ultrasonics, 5 underwater acoustics, 6 seismic exploration, and passive seismics. The method makes it possible to recover the local receiver-to-receiver Earth's response, i.e., the Green's function, and provides virtual sources where it is not possible or difficult to use a real seismic source, such as in borehole and sea-floor marine surveys. Interferometry has been the subject of several theoretical [1] [2] [3] [5] [6] [7] and application studies, and nowadays it is used for seismic exploration purposes. 8, 9 With an approach similar to interferometry, Poletto 10 proposed the virtual reflector (VR) method, 11 which also simulates new seismic signals by processing recorded traces from a plurality of sources and receivers, with the following differences with respect to interferometry. The method is based on crossconvolution (different from convolution with time reversal) of source (receiver) signals and subsequent summation in the domain of the receivers (sources). The VR method substantially performs the composition of the filtering effects in the wave propagation. To be effective, the method needs to deal with source signals with transient wavelets. The novel approach makes it possible to obtain virtual reflected signals as if at the position of receivers (or sources) there were a real reflector even if said reflector is not present there. In this letter we re-formulate the VR theory for an acoustic inhomogeneous medium by using the Kirchhoff-Helmholtz (KH) integral representation theorem.
Theory
The scalar fields in an inhomogeneous medium can be expressed by using the Green's integral theorem for scalar functions U and G. Let S be the total surface encompassing a volume of interest V, and n the outward normal direction to the surface. The Green's integral theorem states that
The functions U and G are assumed to be the Fourier transforms of causal functions, and in the common use they represent the propagating wavefield and the medium response to an impulse, Green's function, respectively. 
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where U͑r o , r 1 , ͒ is the scalar field generated at r 1 and recorded along the surface S o , r o is location along the surface, G͑r o , r , ͒ is the Green's function from r to r o , ‫ץ‬ / ‫ץ‬n is the normal differentiation operator acting on r o at surface S o , and is the angular frequency. The advantage of the integral representation is that a suitable propagation Green's function G can be chosen to synthesize a particular U wavefield (and vice versa). Equation (2), with fields U and G satisfying different boundary conditions (BCs), was exploited in developing the reverse-time approach to reflection seismic imaging (e.g., Refs. 15 and 16). When U and G are subject to the same BCs on S o , the integral vanishes. In this case from Eq. (2), we obtain G = U. Conversely, under proper BCs, different for U and G, the integral is in general different from zero. This result corresponds to the fact that, even when the wavefield represented by G from r to r 1 (from r 1 to r if we use reciprocity) is subtracted from U in Eq. (2) 
In this representation it is intended that the reflecting BC on S o is applied to only one of the two terms of the sum in the integrand at the right hand side.
Synthesis of virtual reflector
Equation (3) (4) we obtain the VR signal for the acoustic medium with reflecting boundary. According to the concept of the VR method, 10 the integral in Eq. (4) is the integral on S o of the crossconvolution 1 of the non-zero scalar quantities (a factor of 4 is here neglected) measured by receivers located on S o and produced by unit sources located at r and r 1 , respectively [ Fig. 1(a) ]. Because we consider measured wavefields in an unknown medium configuration, we ignore the factor cos͑␣ o ͒. Moreover, to interpret Eq. (4) in terms of propagating wavefields, we use reciprocity and exchange source (ideal image of a reflected source) and receiver at r and r o (or equivalently at r 1 and r o ). Using the reciprocity condition G͑r , r o , ͒ = G͑r o , r , ͒, the VR representation equation for the equivalent medium with reflecting boundary becomes
which means that the VR signal is obtained by composing the propagated signals from a unit source at point r 1 to receiver in r o and from r o to r (or vice versa) and by integrating over the receiver surface the convolution results [ Fig. 1(b) The derivation of a generalization of Eq. (6) for the scattered wavefield is based on work of Refs. 17, 12, and 18. For the configuration in Fig. 1(c) , the scattered wavefield at an observation point r above the reflector is given by
where R o ͑r o , ␣ , ␤͒ is the angle-dependent reflection operator and W͑r 1 , ͒ is the source signal injected at r 1 . In the most general case the reflection operator is a pseudodifferential operator (Ref. 17) , but for the VR method we approximate it by a high-frequency angle-dependent reflection coefficient (Refs. 12 and 18). Here P S ͑r , r 1 , ͒ is the scattered wavefield of the true medium, including the reflector, whereas G͑r , r o , ͒ and G͑r o , r 1 , ͒ are Green's functions in one-and-the-same reference medium, which is identical to the true medium above the reflector but continues without a jump in the medium parameters below the reflector. The step to the VR principle is again easily made: assume that in the true medium, S o is not a reflector but a surface with receivers (or sources), whereas r and r 1 both denote sources (or receivers), then the Green's functions with interchanged coordinates in one of them are obtained by measurements as proposed in the previous sections. Substituting these measurements in Eq. (7), inserting a user defined reflection coefficient, and evaluating the integral gives the VR response P S . In its simplest form R o ͑r o , ␣ , ␤͒ can be taken equal to 2iR͑r o ͒ / ͓c͑r o ͒͑r o ͔͒, where is the density of the medium. In particular, by using R = ϯ 1 with normal incidence approximation and unit source signal W͑r 1 , ͒ = 1, from Eq. (7) we obtain again Eq. (6), apart from a scaling factor. All the reasoning made for the VR representation by sources surrounded by receivers holds, using reciprocity, also for the representation with receivers surrounded by sources. To summarize, we calculated the KH integral representation of the virtual signal produced by a reflecting surface surrounding two points where sources are located. We showed that the reflection representation is equivalent to composing the wavefields of the two sources recorded on the surface. The analysis demonstrated that halfside of the KH integral represents the crossconvolution term of the VR signal. We generalized the representation for the scattered wavefield from a VR with variable reflection coefficients. Note that the VR method is complementary to SI. The main feature of SI is that the response of a virtual source can be generated without knowing the medium; all that is required is a receiver illuminated from many directions, at the location where one wants to create the virtual source. The VR method enables the generation of the reflection response of a VR without knowing the medium, as long as there are receivers (or sources) distributed along the surface at which one wants to create the VR.
Examples, summary, and conclusions
The VR signal synthesis with an ideal reflector has several applications with exploration data.
11 Reference 19 shows examples of identification of and removal of surface reflection events in synthetic marine data and performs the analysis of virtual signals with real borehole data. Other potential applications are signal phase analysis and recovery of the source delay. In these applications the VR signal is used in combination with the interferometry one, provided that the VR and the SI results be obtained by using data with similar source-receiver geometry. For these methods a sufficient spatial sampling of receivers (sources) is required. From a practical point of view, this condition can be reasonably achieved in exploration seismics. 
